Abstract
Introduction
This paper contains the main results of [S] , the author's Ph.D. Dissertation, and is intended to serve as an introduction to the theory of 'quantum symmetry', announced in [6] , in which quantum groups are studied as part of algebraic deformation theory. The present paper applies the general theory of [6] to yield 'preferred presentations' of deformations of the matrix bialgebra M(2) and of the To construct My(2) and k: as deformations we first quantize the representations of the symmetric group, S,,, and the Lie algebra gl(2) on the n-fold tensor product V @'I, where V= (k2)* is the (dual) 'fundamental representation'. The basic relationship that these representations are cornmutants of each other is maintained during the quantization. Classically, this 'double commutant' theorem gives the decomposition of each V @n into simple modules for these representations and we show that the same is true after quantization. For our purposes, the appropriate quantum enveloping algebra is the Woronowicz quantization of Ual(2) which acts as semiderivations of V" ', cf. [ 171. In place of kS, we use the group algebra of a (generally) infinite group built from the infinitesimal bialgebra deformations of M(2). The generators of this group satisfy the relations in the Artin presentation for the symmetric group except the braid relation. The mutual cornmutant property of this group and the Woronowicz quantization on V@"' enables us to decompose V @" into simple modules for the quantized action of S,. This decomposition is 'exactly' the same as for the usual symmetric group which enables us to construct M,(2) and ki as deformations as follows: We make use of the isomorphism M(2) z End,(k') to view k' and M(2) as quotients of the tensor algebras TV and T(V @ V*) and define, for each n, a map T; : if@"+ VBn which 'matches' the simple summands for S,, to the corresponding quantized summands. These maps already suffice to give a preferred deformation of k'. To obtain the associated deformation of M(2) we tensor these maps with those obtained from the dual decomposition of V*@' to give a coalgebra automorphism of T(V C3 V*) which takes the subspace of ordinary skew elements to the standard ideal of relations for M,(2). Using this map we define a new multiplication on T(V C3 V*) with the properties that it is compatible with the original comultiplication and the subspace of ordinary skew elements remains an ideal for this multiplication. There is thus a new product, *, on the quotient which is just the underlying vector space of M(2) and, by construction, (M(2). *) 2 M,(2) as bialgebras. We now fix some notation and conventions which will be used throughout the paper. Let M(n) be the ring of polynomial functions on M(n), the y1 X y1 matrices with entries in some field of characteristic zero (usually the complex numbers). As an algebra, M(n) is the commutative polynomial ring k [x,,, . . . ,x ,,,, 1 , where x,~ is dual to the matrix unit e,, E M(n). The multiplication in M(n) induces an algebra morphism A : M(n) -M(n) @M(n), called the comultiplication, which on the generators is given by Ax, = c , ' x,,' 8x,,, Evaluation of functions at the identity element of M(n) gives an algebra map F : M(n)+ k, the counit, and so M(n) is a bialgebra.
The ring of polynomial functions on k", (affine) n-dimensional space, is
. , x,~], where X, is the ith coordinate function on k". The standard action of M(n) on k" makes k" a left M(n)-comodule algebra. This means that there is an algebra morphism A : k" -+ M(n) @3 k" which gives k" the structure of a left M(n)-comodule.
On the generators we have that hx, = c,, x,,, @3x,. The foregoing, of course, holds much more generally and enables one to study affine algebraic groups G and their representations in terms of the Hopf algebra B(G) of polynomial functions on G and its comodules (cf. [16] ).
The standard quantum matrix bialgebra M,(n) has a succinct description in terms of the Faddeev-Reshetikhin- Takhtajan  [FRT] construction for a quantum Yang-Baxter matrix R. Set X to be the vector space generated by xii and let TX be the tensor algebra of X. The FRT construction associates in a canonical way a varying subspace of XC3 X depending on a parameter q E k"; these are the commutation relations for M,(n). The quotient of TX by the two-sided ideal generated by this subspace is defined to be M,(n). (Actually, the FRT construction uses the noncommutative polynomial ring k( x,, , . . . , x,,,, ) instead of the tensor algebra TX; for our purpose it will be more convenient to work with TX which is isomorphic to k( x,, , . . , x,,) .) There is a bialgebra structure on M, (n) in which the comultiplication is defined on the generators to be the same as that of M(n) and then is extended to all of M,(n) to be an algebra morphism (the counit is defined similarly).
Associated to M,(n) is the quantum n-dimensional space, k:, which is a left M,(n)-comodule algebra. The coaction on generators is the same as the M(n)-coaction for k" and then is extended to make ki a left M,(n)-comodule algebra.
Forn=2,1eta=x,,,b=X1?,c=XZ1, and d = x,? and again let X be the vector space they generate.
The commutation relations for M,(2) are given by a@b=qb@a, a@c=qc@a, b@d=qd@b, c@d=qd@c, b@c=c@b, a@d-dda=(q-q-')b@c and M,(2) is then the quotient of TX modulo the ideal generated by these relations.
The associated linear space of M,(2) is the quantum plane, ki. If x = x, and y = x2 are the coordinate functions on k2 and V is the vector space they generate, then kt is the quotient of TV subject to the ideal generated by the commutation relation x @ y = qy 8x. Note that when q = 1, the algebras M,(2) and ki reduce to the classical algebras M(2) and k' with their usual structure. Thus for q # 1, one has 'quantizations' of M(2) and k2. Another approach to quantization of M (2) [7] correspond to elements y E A' M(n) whose Schouten bracket [y, y] E A.' M(n) is invariant under the adjoint action of M(n). In Section 2, we associate to each y E A' M(n) a subgroup of GL(V@"') for each m which we denote as S,,,(y). This group is used to quantize the standard representation of the symmetric group on V%"'. Analyzing the decomposition of V@" under S,,,(r) then leads to deformations of M(n) and of k". To obtain M,(n) as a deformation in this way, we make use of the Woronowicz quantization of Udf(n) to obtain the necessary information about the invariant elements of S,,(y). This paper is a complete treatment of the theory of quantum symmetry as it applies to M,(2) and ki. All necessary proofs are given, whereas in [6] some are only sketched; a more thorough account of the results of [6] will appear in a separate note. In addition, there are some technical difficulties in the general theory that are absent when n = 2, thus making this case more accessible.
Quantized representations of S,
The quantum matrix bialgebra M,(2), the quantum plane k'g, and many other Since k has characteristic 0, the exact sequence
O+sk(TW)+ TW+SW-+O
has a canonical linear splitting identifying SW with the symmetric or invariant elements,
where (Y is a preimage of (Y in TW. For example, the element xy E k [x, y] corresponds to the symmetric tensor 4 (x C3 y + y @ x). Our main interest in this paper will be the vector spaces associated with M(2) and k'. To describe these we need some notation and conventions.
Let 87 = ( : 2) and V = (;( ) be the matrices of coordinate functions on M(2) and k' and denote the vector spaces their entries generate by X and V, respectively. Using the language of symmetric algebras we have that M(2) = SX and k' = SV. Since To quantize M(2) and k2 we view SV @ SV* C TV @ TV* = TX and consider certain quantizations of the standard representation of S, on XBn, VBn, and V*@n. These quantizations are built from the infinitesimal bialgebra deformations of M(2). Recall that these infinitesimals can uaturally be identified with A2 M(2).
We view A2 M(2) as the submodule of M(2) C3 M(2) generated by elements of the form +(a @ p -p 8 (II) for cw,p E M(2). We also use the Kronecker product of matrices to identify M(2) @ M (2) however, is generally not satisfied and so S,,(y) usually is infinite for II > 2. For certain choices of y, the quantum interchanges 7, = ~,,(y)@Id~ and r2 = Id, @ rv(y) which generate S,(y) may satisfy the braid relation which gives, for each n, an evident isomorphism S,,( 7) g S,, as subgroups of GL(V@"). This is not the case for the y giving M,(2). Now V&Z becomes a left S,,( y)-module where P E S,,(y) acts as u-* E GL(V*@'), h t e inverse dual to u E GL(V@"). we define the associated left S,,(y)-module structure on X%" by setting T~( y) = where q is once again set(t) -tan(t). Note that the basic quantum skew element in I/@ V is the commutation relation for the quantum plane k', and an easy computation shows that the quantum skew elements in X63X give precisely the commutation relations for M,(2). Thus another way to obtain the commutation relations for these quantizations is by imposing the quantum interchanges associated to y, on V@V and X63X and taking the quantum skew elements relative to those interchanges. Alternatively, since the quantum skew elements coincide with the FaddeevReshetikhin-Takhtajan construction for the matrix Q', replacing Q* by QCQ yiel$ the same relations for any invertible C E M(4) which commutes with %@3 2 + (12),%6$%.
T~(~)@~~.(~)EGL((V@V)@(V*@~V*))=GL(X@X
In [7] the matrix C is given such that QCQ = R, the standard 'quantum Yang-Baxter' matrix used to define the commutation relations for M',(2).
As stated earlier, the generators 7, = r,,(yq)@Idv and rr = Id, 63 ~~(y~y,) of S, (y,) do l~at satisfy the braid relation. However, the following relation does hold:
72 7, 72 -T, T2T, = S2(f) [7, -72] .
(1) Although the following observation will not be used in this paper, we would like to mention that (1) implies that S,,(y,) F H,(n), the Hecke algebra of the symmetric group. The Hecke algebra may be viewed as the algebra having generators (T,, . . . , u,~_, with relations a;~, = a, a, if (i -jl > 1, the braid relation, a,g+lfl; = a,+l~;u,+l? and af = (q -l)u, + q, where q E k. Now when q is not a root of unity, H,(n) z kS,,, and hence kS,,(y,) z kS,, as subgroups of GL(V@I"). While this can be used to prove the existence of deformations of M(2) and k' associated with -y,, to obtain explicit formulas for the deformed multiplication we need a precise description of the decomposition of our representations.
The quantum enveloping algebra
In addition to quantizing the action of the symmetric group on VBn, we also quantize the action of the universal enveloping algebra U~f(2) on VBn. Using both quantizations, we can decompose V @' into simple S,,(-y,)-modules and then realize My(2) and k: as the quantum symmetric elements in TX and 7V, respectively.
Let ~((2) be generated by H, X and Y with bracket relations
To describe the Uaf(2)-module structure on V@" first note that V is a Lie module for ;f(2) in which the action is given by the operators:
These then extend to derivations of the tensor algebra TV, giving the latter an gf(2)-module structure in which each V@" is an gf(2)-submodule, and, hence, is a U51(2)-module. We view V@" as a graded vector space where deg(x) = 1, deg( y) = -1 and deg(cu @ p) = deg(a) + deg( p). Let V(i, j) C V@" be the submodule spanned by all monomials of degree i -j with i + j = ~1. Note that dim V(i, j) = (7 ) = (I). Each element of V(i, j) is an eigenvector with eigenvalue i -j for the operation of H. We now describe the necessary quantization of Ugf (2) is
.
. (1 -q-+') i 4 (l-q')(l-q'p')...(l-q)
if IZ # 0 and ( (,! ), = 0.
With this we set ryz = ( ;)q2 = (1 -q")/(l -q2). Note that H,(x@y) = H,(y@x) = 0 and H&Y@?') = q(l + q2 + . . . + qzrp2)x@'I , H,Jy@") = +(l + q-2 + . . . + q-Zr+2)y@,r, Therefore, if cr has degree r, then it can be shown inductively that
H,(a) = q. rilza
Note that when q = 1, U,yGl(2) re d uces to USI and its usual operation on TV.
In [6] , it is shown that U, Wal(2) is a subalgebra but not a subcoalgebra of a bialgebra isomorphic to the Drinfel'd-Jimbo quantization of Ugl(2) [3, 9] .
Decomposition of tensor space
The action of S,,(Y~) and U/,w5il(2) on I/@" can be used to give its decomposition into simple S,,( yy)-modules.
The decomposition is the 'same' as the decom-position into simple S,,-modules provided that 4 is not a root of unity. More exactly, there is a natural correspondence between the simple S,,(yg)-summands and the simple S,-summands which gives the deformations we are seeking.
It will be convenient to use the natural symmetric bilinear form ( To complete the decomposition we must split the V(i, j) into simple S,,(r,)-modules.
To do this we use the action of Uyal (2) on V@". For the generators X,, Y, and H, of UyGl (2) we have that
The following lemma is the analog (in this context) of Schur's classical result that kS,, and U~l(2) are mutual commutants of each other when viewed as subalgebras of End(V@'"). There is a similar result due to Jimbo [9] that the cornmutant to his quantization of U~l (2) is the Hecke algebra.
Lemma 4.1. For every f E lJya1(2), the map f : VW"+ V8" is an S,,( yq)-module morphism.
Proof. It is sufficient to show that for cr E V C3 V. The corresponding statement for X, follows by switching x and y, X, and Y,, and replacing 9 by 9-l. The operation of any f E UTGl(2) on V@" would then be an S,, (7,) -module morphism since any such f can be expressed as a polynomial in X, and Y,.
Writing the basis elements of V C3 V once again as a column vector and setting q = set(t) -tan(t), we have which coincides with where q = set(t) -tan(r) as required. 0
The decompositions of the modules V(i, j) and V( j, i) are 'dual' to each other if the roles of x and y are switched and t is replaced by -t (equivalently, q is replaced by q-'j.
Lemma 4.2. Suppose cx E V(i, j), and that i > j. Then Y,(Q) # 0.
Proof. Pick an r such that Xi 
+q(q.(d+2r-2).z)}X;,-'(a). (6)
This expression The proof of this theorem makes use of the quantum symmetric elements in the tensor algebra TX which we view as IV @ TV*. Recall that the action of the S,,( -y,) on these spaces is induced by the quantum interchanges rV(yq), rV*(-yq) = (r&~)))? and Qx,) = r&)@rV&J d escribed in Section 2. The quantum symmetric elements of TX are easy to describe using the following observation: Thus there are at least (n + l)(n + 2)(n + 3)/6 linearly independent quantum symmetric elements in each X@'". These quantum symmetric elements become linearly independent ordinary symmetric elements when t = 0 since they remain in the same orthogonal submodules of X@'". Recall that, since dim(V 8 V*) = 4, dim(sym((V @ V*)"")) = ( n :" ) = (n + l)(n + 2)(n + 3) /6, so the ordinary symmetric elements found form a basis for sym((V @ V*)""). Since any set of linearly independent quantum symmetric elements may be chosen to remain linearly
Therefore, the dimensions of the spaces of quantum and ordinary symmetric elements coincide for all n. 
M,(2) and ki as deformations
With the complete decomposition of V @' into simple modules for both S, (Ye) are S,,, we can construct canonical preferred deformations of M (2) Recall that the dimensions of the spaces of quantum symmetric elements are the same as that for the symmetric elements, so their complements also have the same dimensions giving dim((sym,(TW))i) = dim((sym(TW))i) .
Since every element in sk(TW) gives rise to an element in sk,(TW), we also have that dim((sk(TW)),) 5 dim((sk,(TW)),) .
Finally, (sk( TW)), and (sym( 73')): coincide when the symmetric algebra is embedded into the tensor algebra so dim((sk( TW)),) = dim((sym( TW)): ) , which, along with the previous equations, yields dim((sk,(TW)),) = dim((sym,(TW));)
for each d and therefore sk,(TW) = (sym,( TW)) ' . 0
We can now describe the appropriate transformations of TX and TV which give M, (2) 
where * is the multiplication in M(2) induced from 0. The next theorem guarantees that the deformed tensor algebra (TX, 0) is also a preferred deformation of the tensor bialgebra TX. In other words, the original comultiplication on TX is compatible with the deformed tensor multiplication, 0, on all elements. The quantum special linear group SL, (2) is defined to be the bialgebra obtained as the quotient M,(2)/det,(Z) -l), where det,(%') = a 631 d -qb @ c is the quantum determinant.
In [4] , it is shown that det,(%) is a group-like element of M, (2), that is A(det,(g)) = (det,(a"))@(det,(E)). Now it is well known that in M(2), det(%') = a 63 d -b 69 c is the unique group-like element of X8X. Consequently, since T, is, in particular, an isomorphism of coalgebras M,(2) z M(2), it must take det, (Z) to det(E). Thus, in the preferred presentation of M,(2), the quantum determinant is just the ordinary determinant and
Similarly, there is a preferred presentation, (kZ, *), for the quantum plane as a (M(2), *)-comodule algebra. This means that ki z (k', *) and for any u and u in k2 with coactions h(u) = c w(,) @Us,, and h(u) = c w;,, Q3uut2), where W( 1) 1 w; I ) EM(2) and u~,),u~~) E k', we have A(u * u) = c ("(I, * &)@(+z, * UQ)). The 'star' multiplication for (k', *) is obtainable using the orthogonal transformation T, since the explicit form of the quantum symmetric elements in 77' is easy to compute.
The module V(i, j) is spanned by all monomials LY such that pu" = x'y' (these are the monomials of degree i -i and p is the multiplication) so C ff is, up to a multiple, the only symmetric element of V(i, j). Since dim(V(i, i)) = ( 7 ), the unique symmetric element of norm one is
In each V(i, j) there is also, up to a multiple, only one quantum symmetric element;
for V(1, 1) we have seen that this element is qx @ y + y @3x. 
where the sum ranges through all monomials (Y and (Y' in V(k, I) and V(r, s), respectively. Now, if [ E V(i', j'), then T"(L) = NI", j') + p , where p( /3) = 0, hence to find p( T,( l)) it suffices to find the constant c since cL(a(I", j')) = (? ) "*x"y". Since cz(i', j') may be viewed as an element of an orthonormal basis for V(i', j'), we have that c = ( T,( [), Ly(i', j')). Now because T, is orthogonal and T,(cx,(n', i')) = a(n', i') it follows that c = (T,( 0, 4i', if>> = ( l, ay(ifr if>> . where k+l=n and r+s=m. Returning to (14) we now have that X qk" 2 q2('(a)+'(n'))p(cx(k + r, 1 + s)) a.O1' Setting vi,i = (( ':')l( i:')q2)1'2 to be the 'norm factor', we have the following theorem:
Theorem 5.4. The products dejine a preferred deformation from k* to (k*, *) which, by construction, is isomorphic as an (M(2), *)-comodule algebra to the quantum plane kt. 0
